Abstract-The process of deformation in clays is visualized as the combination of recoverable deformation resulting from bending and rotation of individual particles and irrecoverable deformation due to relative movement between adjacent particles at their points of contact. The relative movement between particles is treated as a rate process in which interparticle bonds are continually broken and reformed as the deformation proceeds. Accordingly, the rate of deformation is governed by the activation energy associated with the rupture of interparticle bonds. Thus, in terms of a rheological model, the fundamental element consists of a spring, representing the recoverable deformation, in series with a rate process dashpot representing the irrecoverable deformation.
INTRODUCTION THE DEFORMATIONAL response of clays to applied loads is a highly complex phenomenon. A large number of physical variables influence the microscopic deformation processes, such as clay fabric, moisture content, adsorbed cations, temperature and stress history. Therefore, the task of devising a rheological model for clays in which the model parameters are specifically related to the microscopic deformation phenomena is a formidable one indeed.
One of the first attempts to formulate a rheological model for clays in which the model elements represented specific microscopic behavior was that of Geuze and Tan (1953) . This model was composed of elastic springs representing bending and rotation of particles and linear dashpots representing the breaking and reforming of interparticle bonds. A few years later, Murayama and Shibata (1958) introduced the concept of rate process theory (Glasstone, Laidler and Eyring, 1941) in connection with the breaking and reforming of interparticle bonds. Recently, the rate process theory has been utilized in a number of studies of clay behavior under load (Mitchell 1964 , Christensen and Wu, 1964 . Although the rate process hypothesis cannot be completely validated since microscopic processes are involved, these svJdies present very convincing evidence for rate process theory as a physical interpretation of inelastic deformation.
However, it has been pointed out ) that all the rheological models proposed to data, have failed in some major respect to fully describe clay behavior. It is the purpose of this study to attempt to formulate an improved rheological model based upon considerations of the physico-chemical properties and fabric of clays.
INELASTIC DEFORMATION OF CLAYS AS A
RATE PROCESS It has been demonstrated (Rosenquist, 1959; West, 1965) that the fabric of clays consists of individual particles or packets of particles arranged more or less randomly with edge-to-face contacts between particles pre-dominating. Although the exact nature of the interparticle contacts is not known, i.e. whether the contact is mineral-to-mineral or mineral through adsorbed layer to mineral, it is generally agreed that physico-chemical bonds are formed at the contacts which are partly responsible for the shearing resistance of clays. Of course, additional shearing resistance may be developed from purely mechanical phenomena such as bending and crushing of particles and volume expansion during shear.
The theory of rate processes, first advanced by Glasstone, Laidler, and Eyring (1941) has been used with good success to describe the behavior of such diverse materials as steel (Kauzmann, 1941) and textiles (Eyring and Halsey, 1948) as well as clays. Mitchell et al.(1968) have recently presented the results of a comprehensive study of creep in clays which support the rate process hypothesis. Based on its success in previous studies of clays, the rate process theory for inelastic deformation in clays is adopted in this study. Complete derivations of the theory are available in other sources (see, e.g. Tobolsky, Powell and Eyring, 1943) . Therefore, only a brief outline will be presented here.
The rate process theory is based on assumption that the energy distribution over the "flow units" (atoms, molecules, or groups of molecules) can be expressed by the Maxweli-Boltzman distribution,
where AF is the necessary energy per mole that must be supplied for the flow unit to become "activated" and p is the probability of achieving it; R is the universal gas constant and T is the temperature in Kelvin units. The mean frequency of thermal oscillations of the flow units is, according to statistical mechanics, kT/h, in which k is Boltzmann's constant and h is Planck's constant. Thus, the rate, or frequency, of activation of the flow units in the absence of external forces is
If an external force is applied to the flow unit, an energy gradient will be created in the direction of the force, increasing the frequency of activation in the direction of the force and decreasing it in the opposite direction. The net frequency of activation in the direction of the force thus becomes
in which f is the applied force and h is the distance between the equilibrium positions of the flow units. This process can be visualized by means of the diagram shown in Fig. 1 . The activation energy, AF, is depicted as a symmetrical energy barrier in the absence of external forces which becomes distorted when an external force is applied. The distortion of the energy barrier gives rise to the net frequency of activation expressed in Eq. (3).
A DISTRIBUTED-PARAMETER MODEL FOR
CLAY DEFORMATION In the present development, the basic unit of deformation is assumed to consist of a bond rupture, controlled by rate processes as described in the previous section, along with the associated elastic deformation. A bond is considered to be the net physico-chemical attraction between adjacent clay particles at their points of contact and may involve atoms, molecules, or groups of molecules. In order to convert the net frequency of bond rupture, as given in Eq. (3), into a macroscopic strain rate, it is necessary to introduce a structural factor X so that the strain rate may be written as The behavior of the basic deformation unit may thus be represented by a spring, representing the recoverable deformation, in series with a non-linear dashpot obeying Eq. (4), representing the irrecoverable deformation.
Fundamental parameters of deformation units
The clay mass as a whole is a complex assemblage of particles of various sizes, shapes and orientations. Therefore, it is unlikely that the characteristics of the deformation units will all be the same. In fact, it is more likely that a broad spectrum of characteristics will be found, distributed more or less at random throughout the mass. This suggests that a realistic theological model for clay should consist of an assemblage of elements having a broad range of properties.
The basic deformation unit has four fundamental parameters; they are as follows:
(1) activation energy, A F~ (2) macroscopic strain resulting from bond rupture, Xj (3) elastic stiffness, K~ (4) ratio of strain in a deformation unit to the macroscopic strain, At.
The four fundamental parameters listed are independently subscripted since, in general, one parameter for a given unit does not depend on any of the others. The first three parameters have already been defined but the last one requires further explanation. The quantity At reflects the degree of participation of a given unit in the deformation process; i.e.
At _ "/ijkt (5)
-/ where, y~jkt : strain in a particular deformation unit 7 = macroscopic strain in clay mass.
The quantity h is generally considered to be a function of the surface characteristics (Mitchell, 1965) and. as such, probably varies only slightly; therefore, it is not included among the subscripted parameters. The theological model can thus be visualized as a number of individual elements connected in parallel as shown in Fig. 2 . However, it also has the additional provision that the strain in any given element may be different from the imposed macroscopic strain as indicated by the curved dashed line.
Assumed distributions o f fundamental parameters
The values of the parameters will depend upon the combined effects of particle size, shape and orientation, properties of the pore fluid, stress history, temperature, etc. Moreover, the distribution of these values in any given clay mass is not known and cannot be determined by presently available experimental techniques. Lacking any information to the contrary, it seems reasonable to assume that the distribution of each of tile parameters considered is random.
The assumption of randomness leads to a Gaussiam or normal, distribution which is described mathematically by the following equation:
where, P(x) is the probability that a quantity, whose mean value is x, will have a value of x, and S~ is the standard deviation. It may be noted that only two properties, the mean value and standard deviation, are required to completely define the normal distribution. A typical normal distribution curve, which could represent the distribution of any of the four parameters considered in this discussion, is shown in Fig. 3 . Thus, the theological model shown schematically in Fig. 2 , in which the parameters, AFt, Xj, Kk, and A t are assumed to have normal distributions as shown in Fig. 3 , and expressed mathematically in Eq. (6), constitutes the proposed distributedparameter model for clays.
RESPONSE CHARACTERISTICS OF DISTRIBUTED-PARAMETER MODEL
From Fig. 2 , it can be seen that the fraction of the stress carried by the elements of the Ukl type is
where, Yukt is the total strain in the elements of (/kl type and Yu is the strain in the dashpots of 0" type. The sum of the stresses carried by the individual elements is
where, n~kz is the fraction of the elements that are of the ijkl type. Summation, rather than integration, over the distribution is indicated because the response equations which follow are impossible to integrate except by numerical means. Taking the time derivative of Eq. (7) and substituting for ~i; from Eq. (4) gives
and fl~ = X3 ~f-e-AF~IRT (9b)
Constant strain rate
To obtain the response under constant strain rate loading (~, = constant), Eq. (9) is integrated with the initial condition ri~k~=0 at t=0 and the resulting stresses 7~Jkz are summed for all the elements yielding
Equation (10) is evaluated numerically with a digital computer and an example of the typical behavior of the model under constant strain rate loading is shown in Fig. 4 for several strain rates. The steady-state condition for this type of loading is easily obtained from Eq. (9) by setting ~'+jkt = 0 and summing over all elements. Thus, the steady-state shear stress can be written r.~.~ = -~ n~jkl sinh -1 .
( 1 1) ijkl
Creep response
The response of the model to creep loading is obtained by substituting Eq. (7) into Eq. (8), taking the time derivative, and setting § = 0 which gives
However, since
iJkl where/~ is the mean elastic stiffness, the equation for creep, from Eq. (12), becomes
ijkl where the T~jk~ are determined by integrating the following system of non-linear differential equations resulting from the substitution of Eq. (14) into Eq. (9):
The numerical solution of Eq. (15) is difficult and consumes large amounts of computer time; accordingly, an alternative method was adopted to obtain the creep curves. This alternative method makes use of the constant strain rate solution which is comparatively easy to obtain. Specifically, the creep response is obtained by constructing a horizontal line corresponding to the desired stress level over a family of constant strain rate curves as shown in Fig. 4 and noting the values of strainrate and the time parameter Z(t) at the intersections.
COMPARISON OF MODEL BEHAVIOR WITH

EXPERIMENTAL RESULTS
Material
The soil used in this study is a commercially produced illite called Grundite. This soil has a liquid limit of about 70 per cent and a plasticity index of about 40 per cent; approximately 65 per cent by weight is finer than 2/~.
The test specimens were made by remolding at a water content of 45 per cent and trimming to standard triaxial size of 1.4 in. diameter and 3.0 in. length. They were then sealed in rubber membranes, and stored under water for one week prior to testing to eliminate thixotropic hardening effects.
Shear tests
Specimens were tested under conditions of constant strain rate and constant load (creep). All tests reported herein were conducted under undrained conditions. The constant strain rate tests were conducted as unconfined compression tests in an apparatus with a controlled rate of feed. Results of 18 tests are reported with axial strain rates ranging from 1.07• 10-3rain -1 to 1 "35 • 10 -2 min -1. The creep tests were performed by applying a constant load to the specimen through a hanger arrangement. Although several creep tests have been performed as part of this study, just one typical result is shown herein. The results of the creep tests tended to be very reproducible and the typical case presented can be considered representative of all the creep tests that were performed.
RESULTS
According to the previous discussion, there are four distributed parameters to consider: AFt, Xj, Kk, and A t. However, AFt andXj always appear together in the expression for flu as given in Eq. (9b). Therefore, a single distribution describing fl~j is sufficient to take care of both AFt and Xj. Since fl~j is dominated by the term, exp (--AFJRT), logarithm of flu is assumed to be normally distributed as shown in Fig. 5 in which ~ is the mean value.
Several distributions were tried for Kk but the results indicated that the response is substantially unaffected by variations in Kk. This is apparently due to the dominating influence of the distribution of flu. Similarly, variations in At do not appear to affect the overall response to any significant degree. Therefore, the only distribution that must be considered is that of/3~j; Kk and h t may be treated as constants.
Constant strain rate tests
For purposes of comparison with the theoretical behavior of the distributed-parameter model, the constant strain rate tests are first analyzed from the standpoint of steady-state behavior. The steadystate condition is interpreted to be the shear stress and strain rate at the point where the stress-strain curve levels off. In some cases the stress-strain curve reached a peak and then dropped off; in these cases, the peak value was selected as steady-state, the drop off being attributed to failure occuring on isolated shear planes.
The steady-state results are presented in terms of "deviator stress," D, which is the difference between principal stresses (o-l--cr3), and the axial strain rate ~. The analogous terms in the theoretical response equations are the shear stress, z, and the shear strain rate, ~,, which are interpreted in this study as the shear stress and strain rate respectively on the octahedral plane. Christensen and Wu (1964) have shown that, under triaxial loading conditions, these quantities are related as follows:
Hereafter the subscripts on r and 3' will be omitted with the understanding that they refer to the octahedral plane. In Fig. 6 
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stress, Dss, plotted v.s. strain rate on a log scale.
Although the scatter is considerable, the tendency for increasing strength with increased strain rate is readily apparent. The theoretical curves shown in Fig. 6 are obtained from Eq. (1 1) by assuming a distribution of /3i~ and choosing c~ so as to obtain the best possible fit with the experimental data. In all cases, A t is taken to be unity. The parameters/3~j which were used in Fig. 6 are considered to represent the complete range of physically reasonable possibilities. It can be seen from Eq. (9b) that /3~ depends on Xj and AFt. It seems unlikely that the structural factor Xj will vary more than, say, from 0.1 to 10.0 with an average of approximately 1.0. The decision as to what is a reasonable range of AF~ is b~/sed on two criteria: (1) no negative values of activation energy were permitted, and (2) the mean value of activation energy was not allowed to exceed 50 Kcal mole-L These restrictions, taken together, require /3~j to fall within the range of 10 4~min-1-1015min-1. Curve A represents one extreme, where/3~ is given a very large range of values, while curve C shows the opposite extreme where/3i~ is the same for all units. Curve B represents a case half way between A and C. It should be pointed out that these three curves do not represent all the possible combinations of /3~j that can be made to fit the experimental data; however, these cases are representative and cover the complete range of behavior within the restrictions previously mentioned.
The theoretical constant strain rate response is presented in the form of dimensionless shear stress r* vs. the time parameter Z(t) on a log scale. The dimensionless shear stress r* is the ratio of the actual shear stress at any time to the steady-state value; thus, T r* = --
TS$ where ~-is given by Eq. (10) and ~'ss is given by Eq. (11). Figure 7 shows several combinations of /3ij, the steady-state behavior of which fits the experimental data well enough to be considered as possibilities. These various combinations of /3~ are grouped according to the range of/3u; thus, in curves for a range of/~u of 48 orders of magnitude. Superimposed on the theoretical curves are the data for six tests. Instead of individual data points, a bar is used to show the variation of the experimental data. The real time scale corresponding to the experimentaI data is shown along the top of the diagram. The superposition of the data was accomplished by sliding a sheet containing the data horizontally over the theoretical curves until the best possible match was obtained. By matching the real time and the time parameter Z(t), a value for Z(t) is obtained. In this case of seating difficulties when the load is first applied and because of the sensitivity of the time scale in that range. The case where flu is a constant (Fig.  7a) does not agree well with the experimental data. If individual test results are compared with the theoretical curves, the fit is clearly superior for/3u varying over 24 or 48 orders of magnitude as compared to J3u constant. This seems to support the concept of distributed parameters. However, individual test results are not shown because of space limitations.
Z(t) ~ 180-330t.
It can be seen from Fig. 7 that the agreement between the theoretical and experimental constant strain rate response is quite good for the cases whereflu varies over 24 and 48 orders of magnitude, although in the lower T* range the data tend to lie generally above the theoretical curves, However, the degree of confidence in the lower points is much less than that of the higher points because
Creep tests
The theoretical creep response for the model was evaluated for the same distribution of parameters as was found to be applicable for constant strain rate. The theoretical curves are shown in Fig. 8 with the axial strain rate, ~, plotted versus the time parameter, Z(t), on a log-log scale for a stress level oft = 0"043 kg/cm 2.
Superimposed upon the theoretical curves are the data points for a typical creep test run at the stress level r = 0-043 kg/cm 2. As in the case of the constant strain rate data, the sheet with the experimental data points was adjusted horizontally until the best fit was obtained. The agreement between the theoretical curves and the experimental results is excellent in the case of creep loading although some of the distributions shown are apparently unacceptable because their curves reach a steady-state condition while the experimental creep curves rarely exhibit such behavior. The theoretical creep behavior predicted by the proposed model agrees well with the experimental behavior observed by Singh and Mitchell (1968) in that the slope of linear relationship between logarithm of strain rate and logarithm of time is nearly-1.
As in the case of constant strain rate, by matching the real time scale corresponding to the experimental points with the scale for the time parameter, Z(t), the value of Z(t) can be estimated.
From the results shown in Fig. 8 , it is found that
This value is, unfortunately, not in agreement with that obtained from constant strain rate loading.
The value of Z(t) from creep loading is approximately 13 times that obtained from constant strain rate. Although Fig. 8 shows the results of only one creep test, this ratio was quite consistent for all the tests performed in this investigation.
An explanation for the discrepancy between the constant strain rate and creep behavior is in order. In the first place, the response of the clay in constant strain rate loading may appear slower than it should because of seating problems, slack in the loading machinery, etc. Secondly, the material might strain-harden and become a stiffer material as loading progresses. Both of these effects can be handled by cyclic loading of the specimens until a consistent stress-strain curve is obtained. A small number of constant strain rate tests with cyclic loading has been recently performed. These tests show that
which supports the foregoing explanation.
It is also possible that the theoretical model which, in order to be valid, requires that no significant structural changes occur during the deformation, may not be valid up to the ultimate stress. In most of the tests performed during this investigation, the steady-state condition was judged to have been reached at approximately 10 per cent strain. Strains of that magnitude may be beyond the limits of the validity of the theory.
SUMMARY
A rheological model has been developed to describe the behavior of clays under load. The basic unit of deformation is assumed to consist of interparticle bond rupture occuring as a rate process plus the associated elastic deformation. The fundamental parameters of the model are identified as (1) the activation energy, AFt, (2) the macroscopic strain resulting from a bond rupture, X~, (3) the elastic stiffness, K~, and (4) the ratio of strain in a deformation unit to the macroscopic strain, A~. Owing to the heterogeneous nature of clay fabric, the concepts of distributedparameters is introduced, in which the four fundamental model parameters are assumed to have a range of values which follow a normal distribution curve.
It is shown that the distributed-parameter model is capable of describing the constant strain rate and creep response of the clay tested. It is also shown that the distribution of the activation energy, AFt, has a dominating influence on the response of the model so that the distribution of the other parameters can be ignored for practical purposes. Although there is a discrepancy between the values of the time parameter Z(t) as calculated from the constant strain rate and creep results, it is pointed out that this may be due, in part, to experimental difficulties. 
